been observed in almost all the electron and α inelastic scattering experiments, the second 2 + excited state of 12 C at E x ≈ 10 MeV, believed to be an excitation of the Hoyle state, has not been clearly observed in these measurements excepting the high-precision (α, α ′ ) 12 C experiments at E α = 240 and 386 MeV. Given the (spin and isospin zero) α-particle as a good probe for the nuclear isoscalar excitations, it remains a puzzle why the peak of the 2 Group Method (RGM) calculations [3, 4, 5] , an interesting α-condensate scenario [2] for this state has been established just recently [6, 7] , where three α clusters were shown to condense into the lowest S state of their potential. A more complicated structure of the Hoyle state was found in the Fermionic Molecular Dynamics (FMD) calculation [8] where the condensate wave function is mixed also with the molecular 8 Be+α configuration, but the condensate component still exhausts about 70% of the total wave function.
Given such a strong condensate of the three α clusters, a question arises naturally about the isoscalar (IS) excitation of the Hoyle state. Namely, if it is a condensate S state then the next level in the potential containing three α-particles should be a D state formed by promoting an α-particle from the S to D level. Such an excited state has been first predicted by
Funaki el al. [9] and it must be a 2 + state at the excitation energy of around 10 MeV, with a pronounced 8 Be+α structure [1] . This same 2 + 2 state has been predicted also by the three-body calculation [10] or the antisymmetrized molecular dynamics (AMD) approach [11] [18] . The present work is our attempt to shed some light into this puzzled situation by a detailed folding model analysis of inelastic α+ 12 C scattering data at 240
MeV [12] and 386 MeV [13, 14] .
Because the spin-and isospin zero α-particle is a very good projectile to excite the nuclear IS states, the 3-α RGM wave function obtained by Kamimura [4] has been used earlier in the folding model analysis [19] MeV) states [20] , using the same RGM wave functions. The technical details of this folding approach for elastic and inelastic nucleus-nucleus scattering can be found in Ref. [21] . The key quantity in our folding model analysis is the α-nucleus form factor (FF) that contains all the information about the α-nucleus inelastic scattering as well as structure of the nuclear state under study. Therefore, it is vital to evaluate the FF using a good choice for the effective nucleon-nucleon (NN) interaction and realistic wave functions for the α-particle and target nucleus, respectively. In the present work, we apply our folding model approach to study the possible excitation of the 2 + 2 state of 12 C using the microscopic nuclear transition densities given by the AMD calculation [11] and the (complex) density-dependent CDM3Y6 interaction, whose parameters have been fine tuned recently [22] for the α-nucleus scattering at the same incident energies of 240 and 386 MeV.
The AMD approach has been proven to be quite reliable in describing the structure of low-lying excited states in light nuclei, where both the clus-ter and shell-model like states are consistently reproduced [11, 23] . In the present work, the structure of IS excited states of 12 C is generated within the AMD approach using the method of variation after the spin-parity projection (VAP). The main structure properties of these states are summarized in formalism. The details of the AMD calculation for the IS excited states of 12 C are given in Ref. [11] . In the present work, the AMD nuclear transition densities enter the folding calculation in the same convention as in
Refs. [21, 22] so that the isoscalar transition strength for a 2 λ -pole nuclear transition |J i → |J f is described by the reduced nuclear transition rate
where the 2 λ -pole transition moment is determined from the corresponding nuclear transition density as
Note that the IS dipole transition moment is evaluated based on higherorder corrections to the dipole operator, with spurious center-of-mass (c.m.)
oscillation subtracted [24] . The reduced electric transition rate is evaluated
the same way as M(ISλ) but using the proton part of the nuclear transition density only. We will discuss hereafter the transition strength in terms of B(Eλ) only because this is the quantity that can be compared with the experimental data whenever possible.
The excitation energies and Eλ transition strengths of the IS states considered in the present work are given in Table 1 . One can see that the calculated excitation energies and Eλ transitions from the ground state 0 2 ) values predicted by the RGM [4] and FMD calculations [25] are even larger than that given by the AMD calculation. Given a very weak direct excitation of the 2 + 2 state from the ground state, B(E2; 0
2 fm 4 predicted by the AMD calculation, we can draw a conclusion that the 2 + 2 state should be an IS quadrupole excitation of the Hoyle state [1] . It should be noted that if we take the measured E2 strength of the 2 + 2 peak at 11.46 MeV in the 240 MeV (α, α ′ ) 12 C spectrum, which exhausts 2.15 ± 0.30% of the E2 energy weighted sum rule (EWSR)
[12], then we obtain B(E2; 0
based on the standard collective model treatment of the MDA [22] . This value agrees surprisingly well with that predicted by the AMD calculation and it is, therefore, not excluded that the observed 2 + peak at E x ≈ 11.46 MeV in the 240
MeV (α, α ′ ) 12 C spectrum corresponds to the 2 + 2 state, although the excitation energy is about 1 MeV above the value predicted by the AMD. The width of this state has been determined from the 240 MeV spectrum to be Γ c.m. ≈ 430 ±100 keV [12] , which is somewhat smaller than that (∼ 600 keV) suggested by Freer et al. [17] . A closer look indicates that the 2 + peak at 11.46 MeV in the 240 MeV spectrum might well be the adopted (2 + ) level of [25] to be nearly degenerate at the excitation energy E x ≈ 11.8 ∼ 11.9 MeV.
Consequently, the probability is high that the 2 + 2 state is indeed the peak observed at E x ≈ 11.46 MeV in the 240 MeV (α, α ′ ) 12 C spectrum [12] .
To further investigate the excitation of the 2
experiment, we have used the AMD nuclear transition densities in our folding model analysis of inelastic α+ 12 C scattering data measured with high precision at E α = 240 MeV [12] and 386 MeV [13, 14] . A generalized doublefolding method [21] was used to calculate the complex α+ 12 C potential as the following Hartree-Fock-type matrix element of the complex CDM3Y6
interaction [22, 32] .
where A and A * are states of 12 C target in the entrance-and exit channels of the α+ 12 C scattering, respectively. Thus, Eq. (4) gives the (diagonal) elastic optical potential (OP) if A * = A and inelastic scattering FF if otherwise.
The complex density-dependent direct and exchange parts of the CDM3Y6 interaction v D(EX) were taken the same as those parametrized recently [22] for the study of α+ 208 Pb scattering at 240 and 386 MeV. The accurate local density approximation suggested in Refs. [22, 33] has been used for the exchange term in Eq. (4). All the DWBA and CC calculations have been performed using the CC code ECIS97 written by Raynal [34] . The real and imaginary elastic folded potential were scaled by the coefficients N R and N I , respectively, for the best optical model (OM) fit of the elastic scattering data: N R ≈ 1.1, N I ≈ 1.4 and N R ≈ 1.3, N I ≈ 1.6 for E α = 240 and 386 10.6 9 ∼ 11.5 B(E2; 2
B(E2; 2
MeV, respectively. These same N R(I) factors were used to scale the real and imaginary inelastic folded FF for the DWBA calculation, a standard method used so far in the folding + DWBA analysis of inelastic α-nucleus scattering [12, 21, 36] . Since N R and N I are an approximate way to take into account the higher-order (dynamic polarization) contributions to the microscopic OP [21] , they must be readjusted again in the CC calculation to account for those nonelastic channels that were not included into the CC scheme. We then ob- state slightly underestimates the data at large angles and this could well be due to a strong refractive effect that implies a weaker absorption in the considered inelastic (α, α ′ ) 12 C channel [35] .
While the 2 Table 1 ). For this purpose, we have computed the AMD nuclear transition densities for all 13 transitions listed in Table 1 and obtained the corresponding inelastic scattering FF by the double-folding method (4) for the CC calculation. The coupling scheme is illustrated in Fig. 3 and the CC results for inelastic scattering to the 3 Table 1 ), the CC effect also enhances slightly the 3 and inelastic α+ 12 C data at E α = 104 MeV [37, 38] has shown that the CC effects substantially increase the ratio σ 2 Situation becomes more complicated when we move up by about 500 keV in the excitation energy to the 0 states, into the Gaussians of 3 MeV and 0.6 MeV widths, respectively, as deduced for the 0 + 3 peak from the (α, α ′ ) 12 C spectrum at E α = 240 MeV [12] and for the possible 2 Table 1 ) should be close to the realistic value. Although rather small, the 16% contribution of the 2 ≈ 2.4% that is too small to be extracted from the measured spectrum for the peak around 9.6 MeV. Independently, such a conclusion can be well drawn from the measured data shown in Fig. 2 . • If the 2 + 2 state is located at the peak observed at E x ≈ 11.46 MeV then its width should be large enough to allow a tail of this peak to overlap with the broad 0 + 3 peak. A direct CC analysis of the (α, α ′ ) 12 C cross section measured for the energy bin centered at 11.46 MeV using the AMD wave function might solve this issue but no experimental angular distribution is available for that purpose.
• If the 2 + 2 state is located at E x ≈ 9 ∼ 10 MeV, as predicted by some cluster calculations, then it should be hindered by the strong 3 with the measured data taken from Ref. [13] . See more details in text.
208 Pb [39] . It is, therefore, possible to compare the predicted AMD transition strengths for the 0 states, respectively, and the results are plotted in Fig. 6 together with the corresponding double differential cross section measured at E α = 386 MeV [13] .
As can be seen in upper panel of Fig. 6 , the AMD transition density for the 0 [13, 14] . We note that these authors were able to measure the (α, α ′ ) 12 C energy spectrum without contamination from the instrumental background by using the high-resolution magnetic spectrometer state and agrees well with the experimental angular distribution deduced for the excitation energy E x ≈ 10 MeV [14] . See more details in text. [13, 14] .
The CC calculation enhances the integrated cross section to dσ/dΩ ≈ 7.3 mb/sr that is still well below the experimental value. Because the strongest peak in the experimental spectrum of the 2 + 2 state is located at E x ≈ 9.6 MeV, in about the same position as that of the 3 cross section shown in Fig. 2 of Ref. [14] . Such a mixture of the 3 − 1 state could also affect the angular correlation function of the α-decay from the excited 12 C * nucleus at E x ≈ 10 MeV (see Fig. 3 in Ref. [14] ). Nevertheless, the fact that the full (direct and indirect) transition strengths predicted for the 2 + 2 state still underestimate the measured (α, α ′ ) 12 C spectrum (see Fig. 6 ) and angular distribution (see Fig. 7 ) indicates that the authors of Refs. [13, 14] were able to extract the full E2 transition strength of the 2 + 2 state from the 386 MeV (α, α ′ ) 12 C spectrum, even though the 2 + 2 peak is located right behind the strong 3 state was found to be located near the strong 3 − 1 peak, its full E2 strength has been carefully deduced from the 386 MeV (α, α ′ ) 12 C spectrum and these data [13, 14] remain so far the only experimental evidence of the 2 state in the CC scheme. However, before discussing the indirect excitation of the 2 + 2 state, we must check which reaction channel is more likely for the Hoyle state: the direct α-decay or isoscalar E2 excitation. That should be an interesting perspective for a future study of inelastic α+ 12 C reaction within the coupled reaction channel formalism.
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